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As in all the scattering processes, the input and output scattered modes described in the main text, should obey precise momentum conservation laws. In the case of light scattered from a travelling inhomogeneity, the wave-vector k(ω RR ) and frequency ω RR of the scattered wave are linked to the input pulse by the condition:
where k(ω) = ωn(ω)/c is the medium dispersion relation, v the relativistic inhomogeneity (RI) velocity, and ω IN the input carrier frequency. The last term in Eq. (S1), (ω RR − ω IN )/v, is related to the momentum transferred to the incoming pulse from the RI [1] . This relation is rigorously derived in the following section. In order to understand the origin of the negative RR, it is useful to find its coordinates on the dispersion curve k(ω) by graphically solving Eq. (S1). Without any loss of generality, in Figure 1 we consider a simple dispersion relation such as that of diamond, which does not exhibit any resonances over a very broad bandwidth (from less than one Terahertz through to ultraviolet wavelengths). Equation (S1) is a straight line when represented in (ω, k) coordinates, as in Fig. 1 (a) (blue solid line). The frequency and wave-vector values of the propagating modes are thus determined by the overlap of this line with the actually allowed modes in the medium, i.e. by the intersection with the medium dispersion relation (red solid curve). Red dashed curves indicate the negative frequency branch (in the lab. frame) of the dispersion relation, while the grey shaded areas indicate the domains of the backward propagating modes (namely, the 2nd and 4th quadrants), which are not being excited by the forward propagating input mode and are not considered in this work. A first intersection is identified as the incoming mode IN. A second mode can be found, RR to which light may be resonantly scattered. Although the generation of resonant radiation is typically considered to be a property of self-scattering from intense nonlinear soliton pulses, we note that actually it is a more general process that only requires the existence of some kind of inhomogeneity in a linear medium, as discussed here. A third intersection is found on the negative frequency branch of the dispersion curve: this is the negative frequency resonant radiation mode, NRR*. Light may be resonantly transferred to this mode too, alongside the RR mode, as observed in recent experiments [2] . We stress that the existence of a solution at negative frequencies is not unphysical, being the electromagnetic field a real -valued quantity, that naturally oscillates at positive and negative frequencies. Indeed, the mode that is actually measured in an experiment is obtained by adding the three modes described above with their complex conjugate counterparts. These are found from the intersections of the dispersion curve with the straight dashed line in Fig. 1(a) , obtained from Eq. (S1) by substituting ω with −ω and using the fact that the dispersion relation is an odd function, i.e. k(−ω) = −k(ω). Physically, this describes the momentum conservation condition in which the complex conjugate of the IN mode, IN*, is being scattered towards RR* and NRR. In Fig. 1(b) we then consider the same dispersion relation in the reference frame that is comoving with the inhomogeneity, i.e. in (ω horizontal line in the graph. Specifically, we find ω RR = +ω IN and ω NRR * = +ω IN . The NRR mode thus satisfies ω NRR = −ω IN . The RR (NRR) mode is thus naturally described by a positive (negative) frequency in the comoving reference frame, reflecting the fact that RR (NRR) builds from frequencies with positive (negative) local phase velocities. We report here also the Sellmeier equation for the dispersion relation of diamond used in our simulations:
, where the wavelength λ = 2πc/ω is expressed in µm.
B. First Born approximation
In scattering theory the linear relation involving input and output modes may be modeled with the scattering matrix S, which is a unitary matrix connecting asymptotic states and which describes all the scattering channels of the process. Physically the square moduli |S j,i | 2 of the S-matrix elements represent the number of photons for the j−output mode, which is being scattered by the i−input mode. Following Kolesik et al. [3] , we evaluate the elements of the S-matrix in the first Born approximation, giving an analytical formulation for the spectral amplitude of the scattered wave. We also generalize the treatment in order to include the possibility of a third output scattered mode, i.e. the NRR mode that, as argued above may also be generated during the scattering process. The role of the "scattering potential", R(z, t), is played by the moving relativistic inhomogeneity (RI), which we assume to be stationary along propagation, i.e. R(z, t) = R(t − z/v) = δn(t − z/v). In detail, let us consider the laser pulse evolution "unidirectional pulse propagation equation" (UPPE) in the laboratory reference frame:
where
so that
Equation (S2) is the so-called "unidirectional pulse propagation equation" described in the Methods section and also numerically solved in this work. We want to solve this equation perturbatively by writing
where E (l) ω (z) is of order (δn) l . We then get the equations:
. . .
From (S6) we get
where E 0 ω is constant. Now, we can solve Eq. (S7) and, assuming that for z → −∞ there is only the unperturbed solution, we find,
We can rewrite this as
where σ is the S-matrix density:
By using the new set of variables, u = t − ξ/v and w = t + ξ/v, we can evaluate the integrals in the last expression, to obtain: 
We can now substitute (S12) in Eq. (S10) and by performing the integration (using the delta function) we finally obtain:
where the S-matrix element is:
and
By substituting the delta function condition for ω spanning over positive and negative values, we then retrieve Equations (1) and (2) of the main text. Summarizing, the scattering matrix elements that describe the scattering of a laser pulse from a RI, may be explicitly evaluated from Eq. (S15): the amplitude of the scattered wave is directly proportional to the Fourier transform of the scattering potential, i.e. of the RI. Moreover, Eq. (S1) emerges as natural condition that has to be satisfied in order for the scattering process to occur. This therefore provides a firm grounding for the fundamental momentum conservation relation used in this work, Eq. (S1). 
C. Generalized Manley-Rowe relation
For the scattering process under study, starting from an input seed pulse at frequency ω IN , the photon number of the output waves is linked to the photon number of the input mode, |IN| 2 , by the following Manley-Rowe relation, generalized to the case of a moving scatterer [4, 5] :
where |RR| 2 and |NRR| 2 are the photon numbers of the RR and NRR modes normalized to the input photon number,
where v φ is the phase velocity of the i-mode. We note that sign(γ i ) = sign(ω i − vk i ) = sign(ω i ); while the real-valued RR mode will have positive frequency in the comoving frame, i.e. ω RR > 0, the real-valued NRR mode will always have a negative comoving frequency, ω NRR < 0. Therefore, Eq. (S17) assumes the form of Eq. (3), that is |RR| 2 − |NRR| 2 = 1.
D. Propagation Cross-Correlation
We evaluate the propagation cross-correlation map for the numerics presented in the main text, by adopting the approach of Béjot et al. in [6] . This correlation is positive if frequencies are created simultaneously, i.e. at the same propagation distance z, and negative if one frequency is used to create the other. For each pair of frequencies the propagation cross-correlation is defined as:
where,
where · indicates the expectation value i.e. the average evaluated over the propagation distance z Figure 2 (a) shows the propagation cross-correlation map for the numerical results reported in Fig. 2 of the main paper, which refer to a linear scattering in diamond. The two resonant modes, RR and NRR, are perfectly correlated (correlation equal to +1), implying that they are born together, whereas they are both anti-correlated with the input mode. This confirms that indeed the RR and NRR modes are the result of the same scattering event seeded by the IN mode. Finally, Figure 2 (b) shows the propagation cross-correlation map for the numerics of Fig. 3 (a)-(b) of the main paper, referring to a nonlinear scattering in fused silica. Here too, the map shows obvious signs of correlation between the resonant modes. Figure 3 is an extension of Figure 3 of the main paper and shows a comparison between the dynamics of a solitoninduced RI, with self-scattering towards the resonant modes (a)-(b), and an artificial, "toy-model" RI co-propagating with a weak probe pulse in a purely linear medium (c)-(d). Details of the simulations are indicated in the main text.
For both cases the frequencies of the RR and NRR modes are in perfect agreement with the theoretical predictions, as shown on the comoving dispersion curve (ω, ω ) in Fig. 3(f) . Finally, Figure 3 (e) [as Fig. 2(b) of the SI] shows the propagation cross-correlation for the nonlinear case, as described in detail in Section D and in [6] . The two resonant modes are correlated (correlation equal to +1) implying that they are born together, whereas they are both anti-correlated (correlation equal or close to −1) with the input mode. This provides further confirmation that indeed the RR and NRR modes are the result of the same scattering process seeded by the IN mode. 
